Transmitting waveforms with different polarizations in radar systems provide more complete information about the target and its environment, ensuring a significant enhancement of the radar's performance. Conventional polarimetric radars transmit waveforms with a fixed polarization pattern, independent of the target and clutter characteristics. In this chapter, we explore the adaptive design of radar polarization waveforms. We focus on a closed-loop system that sequentially estimates the target and clutter scattering parameters and then uses these estimates to select the polarization of the subsequent waveforms. We demonstrate that the radar system performance is significantly improved when the polarization of the transmitted signal is optimally and adaptively selected to match the polarimetric aspects of the target and the environment. In particular, we include an overview of our recent results in polarimetric design for radar detection and tracking.
antennas. These systems exploit spatial diversity in addition to the polarization diversity provided by conventional single-input single-output (SISO) polarimetric radar systems. Each transmitter is capable of adaptively choosing the polarization of its transmitted waveform based on the knowledge of the environment [16] . We analyse the performance of the detector by deriving approximate expressions for the probabilities of detection and false alarm. Using these expressions, we choose the optimal transmit waveform polarizations. We demonstrate significant improvement in performance due to optimal polarimetric design.
When the detection statistic exceeds the threshold, indicating the presence of a target, the tracking system is initiated in order to sequentially estimate the target parameters. Hence, we consider the problem of adaptive polarized waveform design for tracking targets in the presence of clutter under a framework of sequential Bayesian inference. We implement the tracking algorithm using a sequential Monte Carlo method that is suitable for non-linear and non-Gaussian state and measurement models. We discuss a criterion for selecting the optimal waveform polarization one step ahead by computing a recursive form of the posterior CRB (PCRB) [17] .
Target detection in heavy inhomogeneous clutter
The detection of static or slowly moving targets in heavy-clutter environments is considered a challenging problem, mainly because it is not possible to discriminate the target from the clutter using the Doppler effect. Polarization diversity provides additional information that enhances the detection of targets, particularly under the conditions described above. Detection performance could be further improved if the polarization of the transmitted signal were optimally selected to match the target polarimetric aspects. In this section, we present a polarimetric detector that is robust against heavy inhomogeneous clutter, i.e. the detector false-alarm rate is insensitive to changes in the clutter, while still maintaining a good probability of detection. The test statistic derived from the detector has a well-known distribution that depends on the transmitted waveform parameters. Finally, we present an approach to select the signal polarization that will maximize the target probability of detection.
Polarimetric radar model
We consider a mono-static radar capable of transmitting waveforms with any arbitrary polarization on a pulse-by-pulse basis. The recorded data consist not only of the target echoes but also of the undesired reflections from the target environment (see Figure 16 .1). We note that in order to fully identify the polarimetric aspects of the target and clutter, the radar dwell must consist of diversely polarized pulses. The output of a diversely polarized array of Q sensors receiving the echoes from a single range-cell under test can be expressed as The Q × 1 vector y(t) is the complex envelope of the measurements.
• The Q × 2 matrix B is the response to the diversely polarized sensor array. If the receiver array is a vector sensor [11] , the array response is given by For a conventional polarized radar measuring the horizontal and vertical components of the electric field and assuming these two sensors are orthogonal to the direction that points towards the cell under test, the array response matrix is B = I 2 .
• The complex scattering matrix S represents the polarization change of the transmitted signal upon its reflection on the target or clutter: S = s 11 s 12 s 21 s 22 (16.4) where for a specific polarization basis, the variables s 11 and s 22 are co-polar scattering coefficients and s 12 and s 21 are cross-polar coefficients. For the monostatic radar case, s 12 = s 21 . Frequently, the polarization basis are the horizontal and vertical linearly polarized components; however, other polarization basis less March 19, 2012 11: 0 Page 457
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commonly used are left and right circular polarization, and left and right slant polarization. The superscripts t and c refer to the target and clutter.
• The vector ξ (t) is the narrowband transmitted signal, which can be represented by ξ (t) = ξ 1 ξ 2 s(t) = cos α sin α − sin α cos α cos β j sin β s(t) (16.5) where ξ 1 and ξ 2 are the signal components on the polarization basis of the transmitter, α and β are the orientation and ellipticity angles, respectively, and s(t) is the complex envelope of the transmitted signal.
•
The vector e(t) represents the thermal noise corrupting the radar measurements.
• N denotes the number of samples per pulse.
Equation (16.1) can be written as a linear equation in terms of the scattering coefficients:
y(t) = s(t)Bξ (μ + x) + e(t) (16.6) where the scattering coefficient vectors of the target and clutter are μ = [s andξ k is the polarization matrix of each diversely polarized pulse (k = 1, . . . , K); this matrix has dimension M × P, with M = KNQ. By observing the second term of expression (16.9), we note that the target recorded data are being corrupted by the clutter reflections. Since the latter depend also on the transmitted signal (which is included in the matrix A), this problem can be classified as a signal-dependent noise problem [19] . Assume that the target is a small man-made object. Hence, μ is a deterministic vector. On the other hand, the clutter in the range cell under test can be considered as a large collection of point scatterers producing incoherent reflections of the radar signal. Then, x is a zero-mean complex March 19, 2012 11: 0 Page 458
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Gaussian random vector with covariance matrix [20, Chapter 15] . The noise e is a zero-mean complex Gaussian random vector with covariance matrix σ I M , where I M is the M × M identity matrix, since we consider that the thermal noise measurements are independent from sensor to sensor and each has the same power. In addition, assume that the clutter reflections and the thermal noise are statistically independent. Frequently, the radar dwell consists of a sequence of snapshots of the range cell under test. If the duration of the pulses that form the snapshots is short with respect to the dynamic of the target and its environment, it is reasonable to assume that their scattering coefficients are constant during each pulse. However, from pulse to pulse, we consider the clutter scattering coefficients as independent realizations of the same random process (16.1).
1 Then, the distribution of each snapshot is
where CN denotes a complex normal (Gaussian) distribution and D is the total number of snapshots in the radar dwell such that D > M . Model (16.9) can be rewritten by merging the two first terms and defining x ∼ CN (μ, ), without modifying the statistical model of the data given by (16.11) . However, (16.9) has more intuitive insight, since it explicitly shows that μ and x represent different objects: the target and the clutter, respectively.
The main difference between active and passive sensing systems is that for the former, the waveform and the direction in which it has been transmitted are known. Moreover, it is reasonable to assume that the receiver antenna array has been calibrated. Hence, the system response matrix A is known. Assume that the power of the thermal noise σ is known, since it can be easily estimated from the recorded data when no signal has been transmitted. We have no prior knowledge about the target and the clutter. Hence, the vector μ and the matrix are the unknown parameters of the statistical data model (16.11).
Detection test
The problem of interest is to decide whether a target is present or not in the range cell under test, based on the recorded data [21] . More formally, the decision problem consists of choosing between two possible hypotheses: the null hypothesis H 0 (target-free hypothesis) or the alternative hypothesis H 1 (target-present hypothesis). It can be stated as a parameter test 12) where the matrix is considered as a nuisance parameter. It is well known that the optimal detector is the likelihood ratio test [22] , which provides maximum probability of detection (P D ) given a certain probability of false March 19, 2012 11: 0 Page 459
Adaptive polarization design for target detection and tracking 459 alarm (P FA ). Because of the lack of complete knowledge of the data distribution, likelihood ratio test cannot be applied to our problem. One possible alternative is the generalized likelihood ratio (GLR) test in which the unknown parameters of the data distribution are replaced by their maximum likelihood estimates (MLE) in the likelihood ratio test [22] . Although the GLR test does not have the optimality property described before, it appears to work well in practice.
(
where f 0 and f 1 are the likelihood functions under H 0 and H 1 ,ˆ 0 andˆ 1 are the MLEs of under H 0 and H 1 ,μ 1 is the MLE of μ under H 1 , and γ is the detection threshold. For simplicity of notation, we will omit references to the data in the arguments of the functions f 0 and f 1 in the rest of the chapter.
Under hypothesis H 0 , it is assumed that μ = 0; then
where | · | denotes the determinant of the matrix, C = A A H + σ I M is the theoretical covariance matrix of the data, defined in (16.11) , and S 0 is the sample covariance matrix
The MLE of is (see Reference 23)
A H is the pseudo-inverse matrix. The logarithmic likelihood function concentrated with respect to is given by
where ⊥ = I M − AA + is the orthogonal projection matrix that projects a vector onto the space orthogonal to the one spanned by the columns of A. Under hypothesis H 1 , the likelihood function is
The MLE of the unknown parameters arê 
y d (16.22) and S 1 is the sample covariance matrix
The logarithmic likelihood function concentrated with respect to μ and is
In addition, consider the following equality, which is valid for any matrix S of dimension M × M : 
where F ν 1 ,ν 2 denotes an F distribution with ν 1 and ν 2 degrees of freedom, and F ν 1 ,ν 2 (λ) denotes a non-central F distribution with ν 1 and ν 2 degrees of freedom and noncentrality parameter λ. The non-centrality parameter is given by
The last term of this equality is found by using the fact that A + A = I P . Thus, the detection performance becomes
where Q is the right-tail probability function [22, Chapter 2] and γ is the detection threshold for the required probability of false alarm. In particular, note that the expression for P FA does not depend on the covariance of clutter and thermal noise, nor on the transmitted signal; thus (16.29) is a CFAR test. The corollary mentioned above has been stated for real random variables. However, the results for the complex case are similar except that there is a factor of 2 in the non-centrality parameter and the degrees of freedom of the F distribution, since the complex case has twice the number of real parameters compared with the real case. The reader can refer to Reference 25 for further information on the F distribution derived from complex normal variables.
Target detection optimization
We aim at improving target detection by optimizing the design of our system. We have shown that the target probability of detection depends on the system characteristics through the non-centrality parameter λ, which in turn depends on the system response A. We recall that matrix A carries the information of the transmitted waveform and the receiver sensor array. Our optimization approach consists of designing the matrix A in order to maximize the parameter λ and consequently the probability of detection. To find the value of the matrix A that maximizes the parameter λ, we rewrite (16.34) as
Maximizing λ, given μ and , is equivalent to minimizing the second term of (16.36) . We denote η the vector of the waveform parameters whose entries can be features of the applied signals, e.g. bandwidth, pulse duration and polarization, or an index that corresponds to a certain signal in a waveform library. Then, the system response matrix is parameterized as A = A(η). To improve target detection, we seek
We mention here that in a real application the true values of μ and are not known. Instead, their estimatesμ 1 andˆ 1 should be used to obtain the optimal waveform parameters for the next transmission based on the current recorded data. Nevertheless, solving (16.37) with the true target and clutter values provides an upper bound of the detection improvement. More details and simulation results are provided in Reference 15.
Polarimetric MIMO radar with distributed antennas for target detection
In conventional single-antenna radar systems, the transmitter sends a signal in order to detect a target that reflects the signal towards the receiver. The attenuation experienced by the signal depends on the properties of the target. In a realistic scenario, it is highly likely that the attenuation experienced will be a function of the angle of view of the target. If the angles of view of the target are sufficiently distinct from one another, then it is highly likely that the attenuation coefficients will have very little correlation. Therefore, even if some of the attenuation coefficients are extremely small, it is highly probable that they will be compensated by the others. MIMO radar with widely separated (distributed) antennas exploits this property by obtaining different views of the target [26, 27] . It employs multiple antennas to capture information from different angles, thereby exploiting the spatial diversity. We will present a radar system that combines the advantages of distributed-antenna MIMO systems with the advantages offered by optimally choosing the transmit waveform polarizations. We examine the problem of target detection for point targets.
Signal model
Before we give the mathematical model, we describe the target and the radar system. We assume that the target is stationary and is present in the illuminated space. The target is further assumed to be point-like with a scattering matrix that depends on the angle of view. We consider a radar system that has M transmit antennas and N receive antennas with all the antennas widely spaced as shown in Figure 16 .2. Each of the receive antennas employs a two-dimensional vector sensor that measures both the horizontal and vertical components of the received polarized signal separately. Polarimetric models exist for describing the signals received in single-antenna systems [1] . We extend these models to distributed antenna systems. We begin by describing the signals on the transmitter side. Define the polarization vector for the ith transmitter to be
T , where each of the entries of the polarization vectors is a complex number and [ · ] T represents the transpose of [ · ]. We further assume that t i = 1, ∀i = 1, . . . , M . The complex pulse wave shape transmitted from the ith transmit antenna is defined as w i (t). We assume that all these transmit waveforms are orthonormal to each other for all mutual delays between them [26, 27] . In other words, we assume that the cross-correlation among these different waveforms is negligible for different lags. At the receiver side, this condition helps us differentiate between the signals transmitted from different transmit antennas. In Reference 28, we studied MIMO detection problem when the signal cross-correlations are non-zero.
After transmission, the polarized waveforms will travel in space and reflect off the surface of the target towards the receivers with altered polarimetric properties. We now consider the measurements on the receiver side. The polarized signal reaching the jth receive antenna is a combination of all the signals reflecting from the surface of the target towards the jth receiver. Let y j (t) be the complex envelope of the signal received by the jth receive antenna. Note that y j (t) is a two-dimensional column vector consisting of the horizontal and the vertical components of the received signal, and it is expressed using a formulation similar to that presented in References 15, 29, and 30:
where e j (t) is the two-dimensional additive noise, τ ij is the time delay because of propagation and the attenuation is divided into two factors a ij and S ij . a ij is that part of attenuation that depends on the properties of the medium, distance between the target and radar, and so on. We assume that the coefficients {a ij } are known because the radar has an idea about the region which it is illuminating and the properties of the medium. S ij represents the scattering matrix of the target, which completely describes the change in the polarimetric properties of the signal transmitted from the ith transmit antenna to the jth receive antenna. This represents the unknown part of the attenuation. It has four complex components and is given as
To separate the signals coming from different transmit antennas, the received signal is processed using a series of M matched filters at each receiver. At each receiver, the ith matched filter corresponds to a matching with the ith transmit waveform. We derive the mathematical model for the MIMO radar system by using an approach similar to that presented for the single-antenna system in Reference 29. The signals at the output of the matched filters are normalized by dividing by a ij . Note that normalization changes the variances of the normalized noise term, and hence these variances need not be the same for all transmitter-receiver pairs. The normalized vector output of the ith matched filter at the jth receiver is expressed as (16.40) where the column vector
T consists of the horizontal and vertical components, respectively. We have now obtained the expressions for the measurements at each of the antennas on the receiver side. Next, we perform some simple operations to express all these measurements using a linear model. 
Similarly, stacking the normalized outputs of the matched filters and also the corresponding additive noise components into column vectors, we define
Define a set of matrices
. . , M , each corresponding to a particular transmit antenna.
Using the above definitions, we express the measurement vector y using the following mathematical model: where
0 is a zero matrix of dimensions 2 × 4. Terms y and e are 2MN × 1 dimensional observation and noise vectors, respectively. Thus, we have reduced our mathematical model to the well-known linear form. We now look at the statistical assumptions made on these terms. We assume that the noise terms present in e are uncorrelated and that e follows proper complex Gaussian distribution. A complex random vector ς = ς R + jς I is said to be proper if Cov(ς R , ς R ) = Cov(ς I , ς I ) and Cov(ς R , ς I ). = −Cov(ς I , ς R ). Hence, the covariance matrix of e will be diagonal of the form σ 2 I . This diagonal assumption states that the noise components at the outputs of the matched filters across the various widely separated receivers over both the polarizations are statistically independent for any given time snapshot. This assumption is reasonable, given the wide separation between the antennas [26] . Define this covariance matrix as e and assume that it is known. The matrix H is a 2MN × MN dimensional design matrix whose constituent elements depend on the transmit waveform polarizations. We assume that the vector s, which contains elements from all the scattering matrices, is a random vector following proper complex Gaussian distribution with a 4MN × 4MN covariance matrix given by s . We further assume that s is known. If the random matrices S ij are statistically independent, then s will have a block diagonal structure. However, we do not impose any such structural constraint on s . Furthermore, we assume that s and e are independent.
Problem formulation
The above mathematical model gives an expression for the observation vector when the target is present in the illuminated space. When the target is absent, the observations will consist of only the receiver noise vector e. Hence, the problem of detecting the target reduces to the following binary hypothesis testing problem:
Therefore, under the null hypothesis, y will have complex Gaussian distribution with zero mean and covariance matrix e . Under the alternative hypothesis, the independence of s and e implies that y will follow complex Gaussian distribution with zero mean and covariance matrix given by C + e , where C = H s H H denotes the covariance matrix of Hs. This result in an application of the well-known properties March 19, 2012 11: 0 Page 466 of Gaussian random vectors [31] . Next we describe the Neyman-Pearson detector for this problem.
Detector
(1) Test statistic: Under the above-mentioned hypotheses, the probability density functions of the observation vector are given as
The Neyman-Pearson lemma states that the likelihood ratio test is the most powerful test for any given size [32] . The likelihood ratio is given as
Computing the logarithm of the above expression and ignoring the known constants, we clearly see that y H (
e − ( e + C) −1 )y is our test statistic and we compare it with a threshold before selecting a hypothesis:
where the threshold k is chosen based on the size specified for the test.
(2) Estimating covariance matrices: In practice, the covariance matrices needed for implementing the detector may not be known in advance. In such a scenario, the MLE of these matrices can be substituted to perform the test. Since the observations follow Gaussian distribution under both the hypotheses, the MLE of the covariance matrices are given by the corresponding sample covariance matrices [32, 33] . The sample covariance matrices are easy to compute in practice. We assume sufficient number of samples to obtain accurate estimates of these covariance matrices. The variance of noise at each receiver is calculated before the detector starts functioning by evaluating the sample variance using a large set of training data. The covariance matrix under the alternative hypothesis is estimated by evaluating the sample covariance matrix using all the samples of observations in a particular window of time when the detector is in use. These two estimated matrices are sufficient for implementing the detector. If there is no target in the illuminated space, then these two estimated matrices will be close to each other, thereby causing the test statistic to fall below the threshold.
(3) Performance analysis: To analyse the performance of the above-mentioned detector, we need to know the distribution of the test statistic under both hypotheses. The test statistic is a quadratic form of the complex Gaussian random vector y. It is well known in statistics that a quadratic form z T Uz of a real Gaussian random vector z with covariance matrix B will follow Chi-square distribution if and only if the matrix UB is idempotent [34] . Using this result, we infer that our test statistic does not necessarily follow Chi-square distribution for all feasible choices of e and C March 19, 2012 11: 0 Page 467
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because we did not impose any constraint on s . Hence, it is difficult to find the exact probability density function (pdf) for it. To study the pdf of our test statistic, we first begin with an assumption that C is diagonal. Later, we will extend this approach to the non-diagonal case by applying proper diagonalization. Define the lth diagonal element of C as c l and that of e as v l . Then, the test statistic reduces to
where y ij h , y ij v are always independent Gaussian random variables under both hypotheses for all transmitter-receiver pairs because of the diagonal assumption of e and C. Therefore, the test statistic is a weighted sum of independent Chi-square random variables and it does not necessarily follow the Chi-square distribution. Its actual distribution depends on the weights. The pdf of a sum of independent random variables is obtained by performing multiple convolutions among the constituent pdfs. However, in this case, it is difficult to find the exact solution. Hence, we shall look for approximations to the actual pdf.
In Reference 35, the distribution of the weighted sum of Chi-squares is studied. If π q are real positive constants and N q are independent standard normal random variables ∀q = 1, . . . , K, then the pdf of the Gamma approximation of R =
where the parameters α and β are given as
is the gamma function defined as and v (2(i−1)N +2j) , respectively. Hence, applying the above approximation with appropriate weights, the parameters of the Gamma distribution are 
Note that so far we have assumed a diagonal structure for matrix C in the aforementioned discussion. However, we still need to find expressions for the pdf of the test statistic when C is not diagonal. Diagonalization will be used to extend the analysis even for the case of non-diagonal matrices [36] . Since e and C are covariance matrices, ( H (Dy). If we show that Dy has a diagonal covariance matrix under both hypotheses, then our analysis extends to the case in which C is not diagonal also, with appropriate adjustments made to the parameters of the Gamma approximation. Under H 0 , Dy is a complex Gaussian random vector with a covariance matrix Cov H 0 (Dy) = D e D H , which is diagonal e = σ 2 I and D has orthonormal vectors. Similarly, under H 1 , Dy is a complex normal random vector with covariance matrix
which is diagonal. Hence, under both hypotheses, the test statistic is a weighted sum of Chi-square random variables even when matrix C is not diagonal. The only difference is that the weights will now be different, and they are defined by the diagonalization process. After approximating the pdf using the Gamma density, the probability of detection (P D ) and the probability of false alarm (P FA ) are defined as follows: 
where the parameters α H 0 , β H 0 , α H 1 and β H 1 are as mentioned earlier. For a given value of P FA , the value of the threshold k is calculated easily using the above expression because functions for evaluating the above expressions exist in MATLAB. After finding the threshold, P D is calculated accordingly. Note that the value of the threshold and P D depends on matrix C, which in turn depends on the polarizations of the transmitted waveforms. Hence, the performance of the detector is related to the transmit waveform polarizations. (4) Optimal design: To find the optimal design, we perform a grid search over the possible waveform polarizations across all the transmit antennas with the help of the above expressions for P D and P FA . The optimal design corresponds to the transmit polarizations that give the maximum P D for a given P FA . Later, we will plot the receiver operating characteristic (ROC) curves to visualize the improvement in performance because of the optimal design.
Scalar measurement model
Most of the conventional polarimetric radar systems combine the two received signals linearly and coherently at each receiver to give only a scalar measurement that depends on the receive polarization vector. For such systems, the output at each receive antenna is modelled as an inner product of the received signal and the receive antenna polarization [1, 29] . This receive polarization vector is optimally chosen along with the transmit waveform polarizations in order to achieve improved performance. We now obtain the signal model for such systems. From now on, we refer to this model as the scalar measurement model.
Let
T be the polarization vector of the jth receiver, where each of the entries is a complex number. We further assume that r j = 1, ∀j = 1, . . . , N . The rest of the variables remain the same as defined earlier, except that the measurement and the noise at each receiver according to this model will be complex scalars. The scalar observation at the jth receiver y j (t) is now expressed as follows [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] :
This signal is now passed through a series of matched filters whose outputs are appropriately normalized to move the effect of a ij into the noise term. Finally, the normalized output of the ith matched filter at the jth receiver is given as where H is a MN × 4MN dimensional matrix given by
Therefore, we obtain a similar linear model even for the systems with scalar measurements. The only difference lies in the dimensionality of some of the vectors in the model and also the constituent elements of the matrix H . The optimal design for such a system will not only include optimization over the transmit polarizations t i but will also include the optimal selection of the receive polarization vectors r j . The problem formulation and analysis of the detector remains the same as for the earlier model because the basic structure of the model is still the same.
Numerical results
We consider a system with two transmit antennas and two receive antennas under the same target detection scenario as described so far. Hence, there are 16 complex elements in the random vector s. We choose the covariance matrix of this vector to be of the following form: 
The complex elements of the noise vector e are assumed to be uncorrelated, with the variance of each equal to σ 2 = 0.2. Before we use the Gamma approximation to obtain the optimal design, we first check if the approximation is reasonable, in our case by plotting the cumulative distribution function (cdf) of the approximate Gamma distribution and comparing it with that formed by generating random samples from the constituent Chi-squares. This comparison assumes all the antennas are horizontally polarized.
In this scenario, we have the following information available:
Therefore, the matrices P 1 and P 2 become P 1 = P 2 = 1 0 0 0 0 0 1 0 . The matrix C turns out to be non-diagonal for this example. Hence, after performing the appropriate diagonalization and calculating the weights, the coefficients of the Gamma approximation under the null hypothesis turn out to be α H 0 = 7.6833 and β H 0 = 0.6283. Figure 16.3(b) shows the cdf of this approximated Gamma distribution with the above-mentioned parameters. In order to check if this is indeed a good approximation, we generated random samples of the observation vector y under the null hypothesis. We evaluated the test statistic y H ( −1 e − ( e + C) −1 )y for each of these random samples and generated the sample cdf, which is plotted in Figure 16.3(a) . It is clear from both figures that the Gamma approximation we made is indeed very accurate and close to the sample distribution. This finding is consistent with the results presented in Reference 35. The sample cdf takes values 0.5827 and 0.9233, whereas the cdf of the Gamma approximation takes values 0.5863 and 0.9242 for argument values of 5 and 7.5, respectively. This shows that the values taken by these two curves differ only at the third decimal point. 
Figure 16.3 Cumulative distribution function of the test statistic for the chosen example under the null hypothesis: (a) Sample cdf and (b) Gamma approximation
Now that we have a good enough approximation to the distribution of our test statistic, we look at how the optimal choice of polarizations improves the performance of the detector. We fix the complex noise variance to σ 2 = 0.2 and vary the value of P FA . This method enables us to plot the optimal ROC curve by performing a grid search using the analytical results derived earlier. Next, we obtain the reference curves for our results by computing the ROC curves assuming that all the transmit antennas are horizontally or vertically polarized. These plots are presented in Figure 16 .4, and a significant improvement in performance is clearly visible while using the optimal waveform polarizations.
So far, we have demonstrated that by optimally selecting the transmit polarizations, we get performance improvement over conventional MIMO systems with fixed polarizations. Now, we plot the ROC curves for SISO radar with optimal transmit polarizations to show the gain in performance because of the multiple widely separated antennas. For the SISO system, we consider only the first transmit and receive antennas in our above-mentioned example. Therefore, the covariance matrix of the scattering vector s becomes s = 11 s . To make a fair comparison, we transmit more power than the power transmitted per antenna while using MIMO radar. It is clear from Figure 16 .5 that 2 × 2 polarimetric MIMO radar system significantly outperforms its SISO counterpart even when the SISO system uses four times the transmit power used by each antenna in the 2 × 2 system.
The complexity of the grid search for optimization using the vector measurement model does not increase much with the increase in the number of receivers, because the number of variables over which the optimization is performed depends only on the number of transmit antennas. However, with the scalar measurement model, the addition of each extra receiver adds extra variables (receive polarization vectors) in the grid search and makes the calculations more complex. Therefore, in order to compare the performance of the vector measurement system with that of the scalar measurement system, we use the same numerical example as described so far; however, this time we stick to just two transmitters and one receiver to reduce the complexity of the optimization step. The s matrix now has the following form: s are chosen to be the same, as defined earlier in this section. The noise variance remains the same for both the systems because the receive polarization vectors are assumed to be unit norm. We assume the same noise variance σ 2 = 0.1 for both systems in order to make a fair comparison. Figure 16 .6 compares the performance of both systems under the optimal choice of polarization vectors. It clearly shows that by retaining the 2D vector measurements, we get significantly improved results as compared with scalar measurement systems. Even though we perform joint optimization over both the transmit and the receive polarizations for the scalar measurement systems, we are still finding just the best linear combination of the two received measurements at each receiver. However, combining them linearly need not be the overall optimal solution and we might be losing some important information by doing so. This can be avoided by retaining the vector measurements, thereby giving better performance as demonstrated in Figure 16 .6. 
Adaptive polarized waveform design for target tracking based on sequential Bayesian inference
We present a scheme for polarized waveform design for tracking targets in the presence of clutter. This scheme is a combination of sequential Bayesian filtering for parameter estimation and optimal transmitted waveform design in active sensing systems.
Sequential Bayesian framework for adaptive waveform design
This framework for adaptive waveform design includes four phases: (i) creation of a dynamic state model and a statistical measurement model, (ii) belief prediction and update, (iii) Bayesian state estimation and (iv) optimal waveform selection. They are described in details as follows:
(1) Dynamic state model and measurement model: To formulate a sequential Bayesian estimation, we first consider a state sequence {x k , k ∈ N}, x k ∈ R nx , which is assumed to be an unobserved (hidden) Markov process with initial distribution p(x 0 ). The evolution of the state sequence is given by
where f k : R nx × R nv → R ny is a non-linear function of the state; {v k , k ∈ N} is a process noise sequence and n x and n v are the dimensions of the state and process noise vectors, respectively. This state model represents our prior knowledge about, e.g. the underlying dynamic movement of a target.
We also have a sequence of measurements {y k , k ∈ N}, y k ∈ R ny . These measurements are related to the current state vector via the observation equation:
where h k : R nx × R ne → R ny is a non-linear function; {e k , k ∈ R} is a measurement noise sequence and n y and n e are the dimensions of the measurement and noise vectors, respectively.
(2) Belief prediction and update: We denote by x 0:k {x 0 , . . . , x k } and y 1:k {y 1 , . . . , y k }, respectively, the state sequence and the observations up to k. Under the Bayesian inference framework, all relevant information about x 0:k given observations y 1:k can be obtained from the posterior probability density (also called belief ) p(x 0:k |y 1:k ). Therefore, our aim is to estimate recursively in time the distribution p(x 0:k |y 1:k ) and its associated features, including p(x k |y 1:k ).
To derive a recursive Bayesian inference process, we consider that the following conditional independent assumptions for a first-order hidden Markov process are satisfied.
A1:
Conditioned on x k , the current measurements y k are independent of the past states x 0:k−1 and past measurement history y 1:k−1 , i.e. 
where
For linear and Gaussian state and measurement models, the above equations become Kalman filters. Equations (16.83) and (16.84) form a procedure for belief prediction and update in a recursive belief propagation. In the prediction stage (16.83), we use the probabilistic model of the state transition p(x k | x k−1 ) and the measurement history y 1:k−1 to predict the prior pdf of the state at the kth time step. In the update stage (16.84), the current measurement y k (via the likelihood function p(y k | x k )) is used to modify the prior density p(x k | y 1:k−1 ) to obtain the belief at the current time step.
(3) Bayesian state estimation: At the kth time step, after obtaining the current belief p(x k | y 1:k ), we can obtain an optimal estimate of the current state x k . In target tracking, this estimate can be used to determine the current target states (e.g. position and velocity) and environment parameters. Under the Bayesian framework, the estimate is calculated by optimizing a utility function. For example, when we apply a minimum-mean-squared error (MMSE) criterion, the estimate is the mean of the belief p(x k | y 1:k ).
(4) Optimal waveform selection: In optimal waveform selection, we use the information from the current belief p(x k | y 1:k ), together with the state transition distribution and measurement model, to optimally select the waveform one step ahead in response to the target state and the environmental situation. Hence, we can achieve the best possible sensing performance.
To derive a mathematical formulation for optimal waveform selection, we first create a utility function according to certain criteria that represent the sensing performance; then, we determine the parameters for the next transmitted waveform by optimizing (e.g. maximizing) this utility function. We denote by J (·) the utility function, θ k+1 the waveform parameters at the (k + 1)th time step, and y k+1 (θ k+1 ) the measurements at the (k + 1)th time step. At the current time step k, we select the next transmitted waveform θ * k+1 to be θ * k+1 = arg max We note that the former utility function is related to the belief at the (k + 1)th time step. To determine this belief, we need the measurements y k+1 , which are not available at the current time step k. Therefore, we compute the utility function J (·) by marginalizing out the particular value of y k+1 . We observe that for any given y k+1 , we obtain a particular value for J (·) acting on the new belief p(x k+1 | y 1:k , y k+1 (θ k+1 )). Now for each waveform parameter θ k+1 we consider the set of all values of J (·) for different values of y k+1 . Possibilities for summarizing the set of values of J (·) by a single quantity include the average, the worst or the best case [37] . For example, if we use the average as a utility, the next transmitted waveform is selected by
where E y k+1 y 1:k {·} represents the average over the set of new belief weighted by p(y k+1 |y 1:k ). We note that many tracking applications require fast real-time processing. The trade-off between performance and computation cost should be considered when choosing the utility function J (·).
Target dynamic state model and measurement model
We first create a dynamic state model for target tracking. Based on this model, we can track the target position, velocity and scattering coefficients. We then derive a measurement model that is the output of the receiver sensor array. This model provides a natural way of incorporating the polarimetric aspects of the target and clutter into the tracking filter.
(1) Target dynamic state model: In our state model, we include the target scattering coefficients that are important, for example, for target identification and classification [1] . We denote by S t the complex scattering matrix representing the polarization change of the transmit signal upon its reflection on the target:
The scattering matrix of the target can be written in terms of the radar polarization basis as [38] where m is the maximum target amplitude; is the absolute phase of the scattering matrix (−180
• ≤ ≤ 180 • ); ν is called the skip angle, which is associated with the depolarization of the reflected signal (−45
• ≤ ν ≤ 45 • ); and γ is called the characteristic angle, representing the ability of the target to polarize an incident unpolarized field (0
. These four parameters {m, , ν, γ } do not change with the target orientation about the line of sight; hence, they are called invariant parameters. The decomposition of the scattering matrix for the non-reciprocal case (i.e. s hv = s vh ) can be found in Reference 39. Then, we represent the target state at the kth time step as
T includes the target position and velocity at the kth time step in a Cartesian coordinate system, and
T represents the target scattering parameters.
We assume that (i) the target movement is characterized by a constant velocity and random acceleration, (ii) the target scattering parameters are nearly constant and have random rate of change and (iii) the position and velocity are statistically independent of the scattering coefficients. Then, we obtain a linear target dynamic state model given by
• F ρ is the transition matrix for states ρ as
where I n denotes the identity matrix of size n, and T PRI is the pulse repetition interval (PRI). F s = I 6 is the transition matrix for state s.
• v k is the independent process noise, representing the uncertainty about the state model and is assumed to be zero-mean Gaussian distributed with covariance matrix Q: where Q ρ and Q s denote the covariance matrices for the target acceleration and rate of change of the scattering parameters [40] :
and q ρ and q s are constants.
In this state model, the assumption that the target scattering coefficients vary slowly is suitable for a situation in which the target is far away from the sensor array and the target position change during the tracking period is not large compared with the distance between the target and the sensor array.
In general, the dynamic model for the scattering coefficients is a non-linear function with respect to other states; hence, the target dynamic state model will be non-linear. In some cases, it is difficult even to determine a closed-form dynamic transition model for the scattering coefficients. One solution is to assume the state transition density p(s k+1 | s k ) to be a uniform distribution centred at s k with a radius equal to the possible maximum value of the change of the scattering coefficients during T PRI . That is, we do not provide any prior information about the change of s k except that s k+1 will be within a certain range.
(2) Statistical measurement model: We consider a target characterized by azimuth φ, elevation ψ, range r, Doppler shift ω D and scattering matrix S t . These parameters are related to the states x in (16.92). To uniquely identify the polarimetric aspects of a target, polarization diversity is required and the complete EM information of the signal reflected from the target has to be processed [41] . To provide these measurements, we employ an array of EM vector sensors [11] as the receiver, where each sensor measures the six components of the EM field (three electric and three magnetic components of the received signal).
Consider an array of M vector sensors receiving the signal returns from a target. The complex envelope of the measurements can be expressed as 
The polarized transmit wave ξ (t) is a narrowband signal that can be represented by a complex vector [1, 11] :
Angles α and β are the orientation and ellipticity of the polarization ellipse. The function g(t) represents the scalar complex envelope of the transmitted pulse. The time delay τ = 2r/c, where r is the distance from the target to the sensor array and c is the wave propagation velocity.
The vector e(t) is the additive noise corrupting the radar measurements; it represents the thermal noise at the sensors and the reflections from the clutter (target environment).
• N denotes the number of samples during the pulse repetition interval T PRI .
Since ξ (t) is the transmitted signal, the waveform design problem consists of selecting the envelope g(t) and the polarization angles α and β in (16.99 observe a non-linear relationship between measurements y(t) and state x. We write this non-linear relationship at the kth time step as
When we lump {y k (t), t = t 1 , . . . , t N } together into a vector, we obtain the following as measurement model:
. . .
(3) Polarimetric clutter model: The measurement noise e(t) represents not only the thermal noise at the sensors of the receiver but also the reflections from the environment surrounding or behind the target. We aim to represent by this model the clutter reflections, for example, in the case for which a target flies above a sea or land surface.
It is well known that the clutter response is highly dependent on the transmit signal polarization [1] . We propose a polarimetric clutter model that explicitly accounts for the polarization of the illuminating signal, and only the clutter scattering coefficients are represented by a random vector. For estimating the statistical parameters of this random vector, training data recorded with simple two different polarized pulses are required [41] .
The transmit signal illuminates both the target and the clutter, and their reflections are recorded by the same receiver. Hence, we propose a noise model, similar to measurement model (16.97) , as
where n(t) is the additive thermal noise and S c is the scattering matrix of the clutter. The angles [φ 0 , ψ 0 ] are the direction in which the radar beam is been steered, which might be different from the target angles. The clutter delay τ 0 is related to the average clutter position, and it may also differ from the target delay. For our cases of interest, we consider that the clutter does not introduce Doppler shift; i.e. the clutter velocity can be neglected when compared with the target velocity. The clutter scattering coefficients are random variables because they represent the reflections from many incoherent point scatterers constituting the clutter. Following the model in Reference 41, (16.105) can be rearranged to express the clutter scattering coefficients in a vector:
where where the variables s c are the scattering coefficients of the clutter. We assume that the thermal noise and the clutter scattering coefficients can be modelled as
where σ 2 is the noise power, and the clutter covariance matrix can be parameterized as [41] :
where σ (4) Polarized waveform structure: The design of the polarized waveform involves selecting the parameters of the signal envelope g(t) and its polarization in (16.99). Here, we consider as an example a linear frequency modulated (LFM) pulse with Gaussian envelope, which is defined as
where η is the pulse length and b is the frequency sweep rate. The signal bandwidth is BW = 7.4ηb [42] . Then, we propose to use the following scheme of polarized waveform [43] :
where L is the number of transmitted LFM pulses and T EPL = 7.4η is the effective pulse length [42] . Under this scheme, the waveform parameters are
T . Note that if the scattering matrix is completely unknown, at least two pulses with different polarization should be transmitted, i.e. L > 0, to uniquely identify S t .
Target tracking using sequential Monte Carlo methods
In this section, we develop a target-tracking method based on the proposed dynamic state model (16.93) and the statistical measurement model (16.104) . Since these models are non-linear, we propose a sequential Monte Carlo method (particle filter), March 19, 2012 11: 0 Page 483
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which is based on point mass representation of probability densities and is powerful for solving non-linear and non-Gaussian Bayesian inference problems. In contrast to the ordinary sequential Monte Carlo methods, in our proposed approach, we adopt a Gibbs sampler to draw samples from an importance sampling function [44] through which we can handle the potentially large dimension of a state vector. We first describe the ordinary sequential importance sampling (SIS) particle filter and then we discuss the use of other possible importance sampling functions.
(1) Sequential importance sampling particle filter: The sequential Monte Carlo method is a technique for implementing a recursive Bayesian filter by Monte Carlo simulations [44] . The key idea is to represent the required posterior density function by a set of random samples with associated weights and to compute estimates based on these samples and weights.
Let {x
. . , N s } denote a random measure that characterizes the belief p(x 0:k | y 1:k ), where {x
. . , N s } is a set of support points with associated weights {w
Then, the belief at the kth time step can be approximated as
where the weights are chosen using the principle of importance sampling [44] . Let {x 
For a sequential filtering case where only p(x k | y 1:k ) is required at each time step, we can choose the importance density q(·) such that we obtain a weight update equation [46] :
and the belief p(x k | y 1:k ) can be approximated as
where {x
(2) Gibbs sampling-based particle filter: Considering our target tracking problem, from the dynamic state model (16.93) we observe that if we want to track the target position, velocity and scattering coefficients simultaneously, the dimension of the state space is large. Drawing samples directly from the importance density importance density. MCMC methods are a set of procedures that enable the successful solution of simulation problems for more complex models [47] . The basic idea of MCMC methods is to simulate an ergodic Markov chain whose samples are asymptotically distributed according to a desired density function. In our work, we adopt a classical MCMC algorithm -the Gibbs sampler. Given state θ , the Gibbs sampler consists of first defining a partition of the components of θ as θ 1 , . . . , θ p (p ≤ dim (θ )), and then sampling successively from the full conditional distributions
In our developed particle filter, we choose the importance density to be the transitional prior p(x k | x 
T , where ρ k includes the target position and velocity and s k includes the target scattering parameters. Then, we derive a Gibbs sampling algorithm to draw samples x
k−1 ) at the kth time step in a particle filter. Such a Gibbs sampling is described as follows:
• Initialization, j = 0. Set randomly or deterministically:
. In a special case where the partitions ρ and s are statistical independent of each other, the Gibbs sampling can be simplified as
In the above proposed Gibbs sampling-based particle filter, we use the simplest importance density function p(x k | x (i) k−1 ). However, this importance function does not take into account the current measurements y k , and the state space is explored without any knowledge of the observations. Therefore, the filter can be inefficient and it is sensitive to outliers. A natural strategy to overcome this disadvantage is to use an optimal importance function that minimizes the variance of the importance weights conditional upon the states x (i) 0:k−1 and the measurements y 1:k . Such an optimal importance function is given as [46] 
However, this optimal importance function suffers from two drawbacks: it requires the ability to sample from p(
, which is not easy, and it requires the evaluation of p(
This integral has no analytical form in general cases. A practical method to overcome this drawback is to use a Gaussian density to approximate the optimal importance function, which allows us to easily draw samples. The parameters of this Gaussian importance function are evaluated using a local linearization of the original optimal importance function [46, 48] . This method can be extended to use a sum of Gaussian densities to approximate the optimal importance function, which can provide a more accurate approximation when the optimal importance function is multi-modal.
Optimal waveform design based on posterior Cramér-Rao bounds
Now, we propose a new optimal waveform design method for target tracking. This method is based on the proposed dynamic state model and the statistical measurement model in (16.93 ) and (16.104), respectively. It is combined with the aforementioned target-tracking algorithms and forms an adaptive waveform design scheme. To pursue the optimization at the kth time step, we develop an algorithm that predicts the tracking performance at the (k + 1)th time step when employing specific waveform parameters. Then, we select the waveform parameters that optimize a certain criterion. Since the target tracking methods are derived under a sequential Bayesian inference framework, we design the waveform selection criterion based on a posterior Cramér-Rao bound (CRB).
(1) Posterior Cramér-Rao bounds: For random parameters, as in our sequential Bayesian filter for target tracking, a lower bound that is analogous to the CRB in a non-random parameter estimation exists and is derived in References 49 and 50. This lower bound is usually referred to as a posterior CRB (PCRB) or a Bayesian CRB.
We denote by y a vector of measurements and by x a vector of random parameters to be estimated. Let p(y, x) be the joint pdf of the pair (y, x), andx = g( y) be an estimate of x. Then, the PCRB on the mean-square estimation error satisfies
where J is the Bayesian information matrix (BIM), J −1 is the PCRB, E y,x [·] denotes expectation with respect to p(y, x) and the inequality in the equation means that the difference − J −1 is a non-negative definite matrix. Let η ψ be the m × n matrix of second-order partial derivatives with respect to the m-dimensional parameter ψ and n-dimensional parameter vector η, i.e. From this property, we observe that the PCRB is a lower bound on the error covariance matrix , and it is related only to the state and measurement models and independent of the specific estimation methods. Hence, we can use the PCRB as a precise measure of the tracking system performance.
(2) Criterion for optimal waveform selection: Consider our target tracking problem: at the kth time step, we want to estimate the state x k using the measurements y 1:k . We denote by
T the sequence of states up to time k. Then, the BIM of the target states, whose inverse is the PCRB, is defined as
This BIM and the corresponding PCRBJ
k is the PCRB for estimating x k , and its inverse is the BIM for estimating x k , denoted by J k . According to this definition, in our optimal waveform selection algorithm, at the kth time step we design a criterion based on the BIM J k+1 to select the waveform to be transmitted at the (k + 1)th time step.
To derive the optimal waveform selection criterion, we adopt the recursive equation in Reference 50 to update BIM J k+1 . For the particular case of a linear state model with additive Gaussian noise, this recursive BIM can be written as (see Reference 51)
where θ k and θ k+1 are the waveform parameters at time step k and k + 1, respectively, the matrices F and Q are defined in (16.93) and (16.95), and
In our sequential waveform design algorithm, we attempt to minimize the error on the estimation of the target state using the information provided by the state and measurement models and the measurement history y 1:k . Hence, we modify the matrix k+1 to include the measurement history and design a criterion based on a new matrix 
where denotes a set of the allowed values for θ k+1 or a library of all possible waveforms, is the weighting matrix used to equalize the magnitude of the different parameters in the state vector (see also Reference 43), andJ k+1 is defined as in (16.123) replacing k+1 by˜ k+1 .
(3) Computation of the criterion function: The proposed criterion function depends not only on the information provided by the state model F but also on the measurement model and history, through the term˜ k+1 . To compute the former matrix, in general, the expectation in (16.125) has no closed-form analytical solution and must be solved numerically. We propose to use Monte Carlo integration to calculate this expectation and merge this numerical procedure into the sequential Monte Carlo method for tracking the target.
To compute the numerical result for˜ k+1 , we define the matrix function
Then, we can rewrite˜ k+1 as (16.128) According to this equation, the expectation to calculate˜ k+1 can first be taken with respect to the conditional density function p( y k+1 | x k+1 ) and then with respect to the density p(x k+1 | y 1:k ), i.e.
Note that k+1 is the standard Fisher information matrix (FIM) for estimating the state vector x k+1 based on the observations y k+1 . To calculate (16.129), we need samples of the predicted target state x k+1 . We can apply sequential Monte Carlo methods to draw these samples. For a sequential Monte Carlo method, we obtain N s samples and its associated weights at the kth time step from the belief p(x k | y 1:k ) as {x
Then, the corresponding samples and weights of the predicted state are {x
. Therefore, the expectation in (16.129) can be computed by the following two steps:
To calculate (16.130), for each x
Therefore, we approximate˜ k+1 using the Monte Carlo method as Assuming that the measurement noise e k+1 follows a complex Gaussian distribution, the measurement y k+1 given x k+1 is distributed as
where h(·) is defined in (16.104). We also assume that the measurement noise values {e k+1 (t), t = t 1 , . . . , t N } are independent at different sample times. Then, the covariance matrix in (16.134) can be written as a block diagonal matrix:
where, if the measurement noise e k+1 follows the model described in section 16.4.2, (5) Suboptimal criterion function: Computing˜ k+1 using the Monte Carlo integration is intensive and time demanding because the FIM k+1 must be evaluated for every particle. Therefore, we propose a suboptimal criterion function in which the matrix˜ k+1 is replaced by k+1 evaluated at the expected predicted state. Therefore, the suboptimal criterion can be computed by the following steps:
The expectation of the predicted state is approximated aŝ
This suboptimal criterion significatively reduces computation time at the expense of accuracy in computing the integral; hence, the selected waveform may not be optimal.
Numerical examples
We use numerical examples to study the performance of the proposed adaptive waveform design method for tracking targets in the presence of clutter. Through these examples, we demonstrate the advantages of the adaptive waveform design scheme compared with the fixed transmitted waveform scheme. First, we provide a description of the simulation set-up considered for the target and tracking system, and then we discuss different numerical examples. The results reported in this section correspond to the average over 100 Monte Carlo simulations.
Target and clutter. The numerical examples consist of a single target that moves parallel to the horizontal plane at a velocity of 200 m/s. The target trajectory is a section of a circle of radius 1.5 km, which starts at the position r 0 = [10, 10] km, as shown in Figure 16 .7. We assume that the scattering parameters of the target are partially known and have the following values: m = 1, = 15
• , = 0 • ν = 0 • and γ = 20
• ; however, its orientation angle ϑ can change as the target moves. In addition, we consider that the clutter covariance parameters have been estimated using training data and that they have the following values: ϑ c = 85
• , c = 5
• , σ where L is the number of transmitted pulses, σ 2 is the power of the thermal noise process and t i , t f define the time-window during which the system is allowed to track the target. p(t) is the pulse envelope of the transmitted signal. For the simulation examples, these parameters were set up in a way that the system was able to follow a target in a radial distance between 10 and 25 km.
Transmitted signal. We consider a radar system that transmits one pulse (L = 1) at intervals of T PRI = 250 ms, with a carrier frequency f c = 15 GHz (λ = 20 mm). The maximum signal bandwidth is BW max = 500 kHz. The system is capable of transmitting LFM pulses that change length η, frequency rate b and polarization angles α and β on a pulse-to-pulse basis.
Tracking system. The receiver of the tracker consists of two vector sensors (M = 2) located at r 1 = [−0.25λ, 0] and r 2 = [0.25λ, 0]. The radar echoes are recorded at sampling frequency f s = 1 MHz. The system tracks the position and velocity of the target, as well as its orientation angle; hence, the state vector is x = [x,ẋ, y,ẏ, ϑ]
T . The particle filter is implemented using the transitional prior p(x k | x (i) k−1 ) as the importance density function to draw N s = 500 particles. The intensity of the process noise is given by q ρ = 500 and q s = 50. In addition, we assume the covariance of the initial state is J is a diagonal matrix whose main diagonal entries are a power of 10 intended to equalize the covariance of the different parameters.
Example 1.
In this example, we compare the performance of the adaptive and fixed waveform system assuming that the orientation angle of the target is ϑ = 0
• along the entire trajectory. For the adaptive system, the wave shape parameters are η = 100 μs For the fixed waveform, the transmitted signal corresponds to the waveform θ 0,3 (vertical polarization). Figure 16 .7 shows the averaged tracking results of the moving target in an environment such that TCR = 10 dB and SNR = 10 dB. For the fixed waveform, the vertical polarization is unfavourable because it is close to the polarimetric response of the clutter. Hence, the received signal is highly corrupted by clutter reflections and the tracking filter is not capable of following the target. On the other hand, the adaptive waveform method, although it was also started with vertical polarization, immediately selects the waveform that matches the target polarimetric aspects increasing the energy of the signal reflected from the target and reducing the clutter reflections. Therefore, the tracking performance for the adaptive waveform selection scheme is significantly better than the fixed waveform scheme.
Using the same simulation set-up, the numerical example was repeated. However, this time, the waveform was selected by applying the suboptimal criterion function in order to reduce the computation cost of the adaptive waveform design algorithm. Figure 16 .8 shows the square root of the averaged mean-square error (MSE) for the target position. As expected, the suboptimal algorithm generated estimates with 492 Waveform design and diversity for advanced radar systems larger error. However, since the loss of performance is small and the reduction of computation time is significant, we will apply this suboptimal method in the following example.
Example 2. We analyse the behaviour of the tracking filter when the state model does not match the target dynamics. In this case, we consider the set-up and waveform library as in the first example; however, the orientation angle of the target ϑ changes following the linear piecewise function depicted in Figure 16 .9. The same figure shows the estimated target orientation angle and the waveform polarization angle α selected for transmission by the adaptive algorithm. The same simulation was solved for two scenarios: TCR = SNR = 10 dB and TCR = SNR = 15 dB.
In Figure 16 .9, it can be observed that the filter tries to track the true orientation angle when it is changing linearly, even though this parameter is defined as constant in the state model. Clearly, the convergence of the estimated orientation angle is faster when the clutter and noise interference is lower. We note that the filter selects the waveform that best matches the estimated target polarization aspects, in order to increase the energy reflected by the target. 
Conclusions
We addressed the problem of designing the optimal signal polarization for target detection and tracking. We reviewed some of our recent results on the adaptive selection
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of the radar transmit waveform polarizations, where the goal is to explore polarization diversity through an adaptive design. We showed that the optimal selection of the polarization significantly improves the detection and tracking performances of the radar systems when compared with fixed polarization schemes. We demonstrated that radar systems supporting agile polarization greatly outperform conventional sensing systems. However, to further improve the radar performance, several research challenges need to be considered. From the statistical signal processing perspective, these include the development of more realistic models for the target and clutter scattering, appropriate performance measures for various critical scenarios and robust but efficient optimization algorithms. Moreover, the problem of signal polarization design can be extended to other radar applications, such as sequential detection and target classification.
